The Augmented Zagreb index of a graph G is defined to be AZI (G) = uv∈E(G) d (u) , d (u) and d (v) are the degrees of the vertices u and v of edge uv. It is one of the most valuable topological indices used to predict the structure-property correlations of organic compounds. It is well known that the star is the unique tree having minimal AZI among trees. However, the problem of finding the tree with maximal AZI is still open and seems to be a very difficult problem. A recent conjecture, posed in the recent paper [IEEE Access, vol. 6, pp. 69335-69341, 2018], states that the balanced double star is the tree with maximal AZI among all trees with n vertices, for all n ≥ 19. Let (n, p) be the set of trees with n vertices and p branching vertices. In this paper we consider the maximal value problem of AZI over (n, p). We first show that under a certain condition, the problem reduces to finding the maximal value of AZI over 1 (n, p), the set of trees in (n, p) with no vertices of degree 2. Then we rely on this result to find the trees with maximal value of AZI over (n, p), when p = 2 and 3. In particular, we deduce that the conjecture holds for all trees with at most 3 branching vertices.
I. INTRODUCTION
Our graphs in this study are simple (no loops and no multiple edges) and finite. We denote the vertex set and the edge set of a graph G as V (G) and E (G), respectively. We write uv to denote the edge of G which joins the vertices u and v. If uv ∈ E (G) then we denote by G − uv the graph obtained from G by deleting the edge uv; if uv ∈ E (G) then G + uv denotes the graph obtained from G by adding the edge uv. We denote by d(u) = d G (u) the degree of the vertex u of G and = (G) = max {d(u) : u ∈ V (G)} the maximum degree of G.
Our main interest in this paper are trees (i.e. connected graphs with no cycles). A vertex u of a tree T is called a branching vertex if d(u) ≥ 3; it is called a leaf if d(u) = 1. Let π : v 0 v 1 · · · v k be a path of length k of a tree T such that d (v i ) = 2 for all i = 1, . . . , k − 1. If v 0 and v k are The associate editor coordinating the review of this manuscript and approving it for publication was Yilun Shang .
branching vertices of T then π is an internal path of T ; if v 0 is a branching vertex and v k is a leaf then π is a pendant path of T .
An n-vertex tree is a tree with n vertices. We denote by (n, p) the set of all n-vertex trees with exactly p branching vertices. The subset 1 (n, p) of (n, p) consists of trees with no vertices of degree 2. In other words, an n -vertex tree T belongs to 1 (n, p) if all internal paths and pendant paths of T have length 1.
A topological index is a numeric quantity associated with a graph which is invariant under graph isomorphism. In theoretical chemistry it is used for modeling physico-chemical properties of chemical compounds [5] , [10] , [11] , [16] , [17] . The Augmented Zagreb index, introduced by Furtula et al. [6] , was shown to be the best in correlating abilities among many other topological indices, in the case of standard heats of formation and normal boiling points of octane isomers [7] . Also, it has the greatest structure sensitivity and it is the best for designing quantitative structure-property relations [8] . As a consequence, researchers are systematically studying its mathematical properties [1] , [3] , [9] , [12] , [14] , [15] , [18] .
The Augmented Zagreb index of a graph G, denoted by AZI (G), is defined as
In [6] , the authors show that the star is the unique tree having minimal AZI among n-vertex trees. The problem of finding the tree with maximal AZI among n-vertex trees is still open and seems to be a very difficult problem. Recently, Lin et al. [13] develop a very nice algorithm to search for n-vertex trees with maximal AZI, which is based on the so-called breadth-first searching graph maximizing AZI. Using this algorithm they find that the balanced double star S n−2 2 ; n−2 2 (see Figure 1 ) uniquely maximizes AZI for 19 ≤ n ≤ 200. Naturally, they propose the following conjecture: has maximal AZI among all n-vertex trees.
In this paper we consider the maximal value problem of AZI over (n, p). We first show that under a certain condition, the problem reduces to finding the maximal value of AZI over 1 (n, p). Then we rely on this result to find the trees with maximal value of AZI over (n, p), when p = 2 and 3. In particular, we deduce that the conjecture holds for all trees with at most 3 branching vertices.
More specifically, we show that S n−2 2 ; n−2 2 attains the maximal value of AZI over (n, 2) and (see Figure 1 ) attains the maximal value of AZI over (n, 3). Bearing in mind that the maximal value of AZI over (n, 1) occurs in V 3 (see Figure 1 ) [2] , we compare these maximal trees to deduce that
(n, p), when n ≥ 19.
II. AUGMENTED ZAGREB INDEX OF TREES WITH A FIXED NUMBER OF BRANCHING VERTICES
In this section we show that finding the maximal value of AZI over (n, p) can be reduced to 1 (n, p), when p 2. We will need the following lemmas that appear in [13] . 
Now we are ready to prove that a maximal tree in (n, p) with respect to AZI has no internal paths nor pendant paths of length > 1.
In our next result we show that given a tree T , it is possible to construct a new tree U with no internal path of length ≥ 2, and AZI (T ) ≤ AZI (U ). This is a reformulation of [ [1],Theorem 2] (with a simpler proof).
Proposition 5: Consider the trees T and T given in Figure 2 . Assume that d(w)
Proposition 6: Let p ≥ 2. If T is a maximal tree in (n, p) with respect to AZI and (T ) ≥ 10, then T ∈ 1 (n, p) .
Proof: By Proposition 5, T has no internal paths of length > 1. Suppose T has a pendant path vv 1 v 2 · · · v k with d(v) ≥ 3 and k ≥ 2. By Proposition 5 there exists uv ∈ E (G) such that d (u) ≥ 3. If k = 2 then an identical argument as in [13, Theorem 23] gives a contradiction. If k ≥ 3 we will prove that it is possible to reduce the length of the path by one. In fact, we consider following cases:
Then, from Lemmas 3 and 4 we obtain
for and y = d (r). Again, from Lemmas 3 and 4 we obtain
Proof: By Proposition 5, T has no internal paths of length > 1. Then T has p − 1 edges u i v i joining branching vertices and n − p edges s i t i , where one of the end-vertices is of degree 1 or 2. Let
Theorem 8: Let S be a maximal tree in 1 (n, p) with respect to AZI. Assume further that
Then S is a maximal tree in (n, p) with respect to AZI. Proof: Let T be a maximal tree in (n, p) . Assume that = (T ) ≤ 9. Then by Proposition 7 and Lemma 2,
which contradicts (1). Consequently, (T ) ≥ 10. It follows from Proposition 6 that T ∈ 1 (n, p), which implies AZI (S) = AZI (T ) . Hence, S is a maximal tree in (n, p) with respect to AZI. Example 9: Let us show that condition (1) is necessary in Theorem 8. For each value of n and p in Table 1 we found computationally the maximal tree with respect to AZI over the set 1 (n, p), denoted by S n,p . For each case, we checked TABLE 1. Maximal trees in 1 (n, p) with respect to AZI which are not maximal in (n, p). Table 1 .
FIGURE 3. Trees in
that condition (1) does not hold and found a tree not in 1 (n, 3), denoted by T n,p , with greater value of AZI. All the trees used in Table 1 are depicted in Figure 3 .
Thus, if we want to find the maximal value of AZI over (n, p) , it is sufficient to find the maximal tree S in 1 (n, p) and show that AZI (S) is lowerly bounded by the right hand side of (1). We illustrate this idea in (n, 2), the set of trees with n vertices and 2 branching vertices. Recall that 1 (n, 2) is the set of double stars S (r; s) where r ≥ s and r +s = n−2 (see Figure 4 ). . Finally, the result is well known for 19 ≤ n ≤ 26 [13] .
III. MAXIMAL AUGMENTED ZAGREB INDEX OF TREES WITH THREE BRANCHING VERTICES
In this section we find the maximal value of the Augmented Zagreb index over the set (n, 3). In order to use Theorem 8, we first find the maximal Augmented Zagreb index over 1 (n, 3). A tree in 1 (n, 3) is denoted by S (r, t; s), where r, s, t are positive integers such that r + s + t = n − 3, s ≥ 1 and r, t ≥ 2 (see Figure 5 ). Without loosing generality, we assume that r ≥ t.
We will need the following lemmas in the sequel. Lemma 11: [13, Lemma 6] For x ≥ 2 and y ≥ 1, 1) l (x, 1) < 0 strictly increases with x ≥ 3; 2) l (x, 2) = 0 for x ≥ 3;
3) If y ≥ 3 is fixed, then l (x, y) > 0 strictly increases with 2 ≤ x ≤ y − 1 and strictly decreases with x ≥ y.
For all x ≥ 1, −1 < f (x) < 0 and strictly decreases.
Proof: It follows from the fact that for all x ≥ 1,
. For all x ≥ 1, g (x) < −1 and strictly increases.
Proof: For all x ≥ 1,
Proof: A simple but tedious computation shows that
where Q(s, t) and R(s, t) are the polynomials Q(s, t) = 5 i=0 q i (t)s i , R(s, t) = r 0 (t) + r 1 (t)s, with the polynomials q i (t), r i (t) given in Table 2 . We will show that the polynomials Q(s, t) and R(s, t) are positive for s ≥ t ≥ 16. Note that q i (t) ≥ 0 for all i = 4, when t ≥ 16. Hence 3 Proof: It is easy to see that
where P(r, s) = 5 i=0 p i (r)s i (s − r − 6) + p 6 (r), and the polynomials p i (r) are given in Table 3 . Now the result follows from the fact that p i (r) ≥ 0 for all i = 0, . . . , 6 when r ≥ 1. Now we introduce some operations over the trees in 1 (n, 3) that increases the value of AZI. Proposition 18: If r ≥ s + 2 then AZI (S (r, t; s)) < AZI (S (r − 1, t; s + 1)). If t ≥ s + 2 then AZI (S (r, t; s)) < AZI (S (r, t − 1; s + 1)).
Proof: We first note that = AZI (S (r − 1, t; s + 1)) − AZI (S (r, t; s)) = f (r − 1) − g (s) + l (s + 3, t + 1) +q (s + 2, r + 1) . 1, t − 1; s) ) .
Proof: We find that = AZI (S (r + 1, t − 1; s)) − AZI (S (r, t; s))
Clearly, 1 ≤ t − 1 < r. By Lemma 12, f is strictly decreasing when x ≥ 1. Consequently f (t − 1)−f (r) > 0. On the other hand, r + 2 > t + 1 ≥ 3, so by Lemma 11, l (r + 2, s + 2) − l (t + 1, s + 2) > 0. In conclusion, > 0. Proposition 20: If 3 t s and 8 s, then AZI (S (s, t; s)) < AZI (S (s, t − 1; s + 1)) .
Proof: First we assume that 16 t s. Note that
By Lemmas 12 and 13, 0 < f (t − 1) < −1 and g (s) < 
where r t , and q t,i are the values in Table 4 . Bearing in mind that all of these polynomials have positive coefficients for 3 ≤ t ≤ 15 and 0 ≤ i ≤ 13, we deduce that > 0.
For the remainder cases 3 t 15 and t s 26, it was checked by hand that > 0. 
where q k (r), and p k are the polynomials in Table 5 and
Since q k (r) > 0 and p k > 0, for all k = 1, . . . , 5 and r 2, it follows that > 0.
In our next result we find the maximal tree over 1 (n, 3) with respect to AZI.
Theorem 23: If n ≥ 13 then S n−5 2 , 2; n−5 2 is the unique maximal tree with respect to AZI over 1 (n, 3) .
Proof: Let n ≥ 27 and suppose that T = S (r, t; s) is a maximal tree over 1 (n, 3) with respect to AZI. If r ≥ s+2 then by Proposition 18 we get a contradiction. Hence
Note that s ≥ 8, otherwise
Assume first that t > 2. If t ≤ r < s then by Proposition 19 we get a contradiction. So r = s or r = s + 1. In any case, we get a contradiction by Propositions 20 and 21. Thus t = 2. Now, if r < s then by Proposition 22 we get a contradiction.
For 13 ≤ n ≤ 26 the result is obtained by computer search.
Example 24: Let us illustrate how Propositions 18 -22 are used as operations to increase AZI. In each step we indicate the proposition used over the inequality sign. The trees used are depicted in Figure 6 .
AZI (S(98, 6; 95)) 18 < AZI (S(97, 6; 96)) 21 < AZI (S(97, 5; 97)) 20 < AZI (S(97, 4; 98)) 19 < AZI (S(98, 3; 98)) 20 < AZI (S(98, 2; 99)) 22 < AZI (S(99, 2; 98)) Now we can find the maximal value of AZI over (n, 3). Now it is easy to see that
for all n ≥ 35. One important consequence of our previous results is that Conjecture 1 holds for all trees with at most 3 branching vertices.
Theorem 26: Let n ≥ 19. If T is an n-vertex tree with at most three branching vertices, then
Proof: It was shown in [13] that inequality (2) holds for all n -vertex trees when 19 ≤ n ≤ 200. So we may assume that n > 200. By [2] , for any tree T ∈ (n, 1) where V 3 is shown in Figure 1 . In Corollary 10 we established that for any tree T ∈ (n, 2) , AZI (T ) ≤ AZI S n−2 2
; n−2 2 .
Note that if n = 2k AZI S n−2 2
; n−2 ; n−2 2 .
IV. CONCLUSION
In conclusion, we show that the maximum value problem of AZI over (n, p) reduces to 1 (n, p) under a certain condition. Relying on this result, we find the trees with maximal value of AZI over (n, p), when p = 2 and 3. In particular, we deduce that the Conjecture 1 holds for all trees with at most 3 branching vertices. The problem of finding the tree with maximal value of AZI over (n, p) when p > 3 is far more complicated. For example, if p = 4 there are two different types of trees in 1 (n, 4) (see Figure 7 ). We found computationally that for 20 ≤ n ≤ 200, the maximal tree with respect to AZI over
